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1. Introduction

buy back or to “call” the bond for a specified amount, the call price, plus the accrued

interest since the last coupon date at some time, the call date(s), during the life of the
bond (see, e. g., BRENNAN AND SCHWARTZ [1977]). Three types of callable bonds can be ob-
served in financial markets. The American callable bond may be repurchased at any time on or
before the final redemption date, in contrast to the European or semi-American counterparts,
which may only be called at one or several specific dates, respectively. American callable bonds
have predominantly been issued by corporations in the United States, whereas semi-American
callable bonds have solely been issued by both public and private ingtitutions in Switzerland. In
the case of Swissfinancia markets, the single call date of the European callable bond is the last
but one coupon date, whereas the additional call dates of the semi-American callable bond are
the preceding coupon dates. The number of call dates of outstanding semi-American callable
bonds varies between one and ten in Switzerland. Moreover, the Swiss debtor gives the bond-
holder two months' notice. In general, the initial call price may be somewhat above the face
value of the bond and may decline gradually over time. Moreover, the call provision will be de-
ferred sometimes until the bond has been outstanding for some length of time.

The callable bond can be viewed as a compound security which consists of an otherwise
identical straight bond and of an embedded call option, which is not traded and the price of
which is, therefore, not observable. The embedded call option, which iswritten on the underly-
ing straight bond, can be viewed as being “sold” by the initial bondholder to the issuer of the
callable bond, the debtor. Hence, the price of the callable bond must be equal to the price of the
underlying straight bond less the price of the embedded call option at any time. Or, the callable
bond is worth less than the underlying straight bond.

This paper is motivated by our experience with finite difference methods as well as the
wrong numerical results which have been published in two studies. GIBSON-ASNER [1990,
Table 6, p. 666] reports the computed prices of two amost identical embedded call options for
four pointsin time. These two options are identical except for the last possible redemption dates
which differ by roughly three months. The prices of these two options with approximately
eleven years until expiration are reported to be { 1.1303, 2.6164}, with approximately ten years
until expiration to be {0.0878, 0.2994}, with approximately nine years until expiration to be
{0.0482, 0.1471}, and with approximately eight years until expiration to be {15.3192,
5.3789} . First of all, the time pattern of the call price iswrong (see section 7 below). Secondly,
our computation for asimilar pair of call options indicates that the price difference isin the order
of magnitude of 0.2 (see, e. g., securities #15 745 and #15 227 in Table A.4). Moreover, some
computed prices of the embedded call option turn out to be negative (GIBSON-ASNER [1990, p.
670]). Further results presented in LEITHNER [1992] also point to negative call prices or large

E 7 he callable bond is a straight (coupon) bond with the provision that allows the debtor to
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2 H.-J. Buttler

numerical errors, respectively, although the computed prices of callable bonds are not explicitly
reported.1 For example, the computed price of the semi-American call option isless than that of
the corresponding European call for small interest rates, but greater for large interest rates
(LEITHNER [1992, Figure 5.5, p. 145]). Hence, these wrong results presented in GIBSON-
ASNER and LEITHNER must be due to numerical errors.2

The purpose of this paper isto evaluate numerically the semi-American callable bond by
means of four finite difference methods. As an example, the paper uses the one-factor model of
the real term structure of interest rates proposed by VASICEK [1977]. The numerical solution of
the finite difference method will be compared with the analytical solution derived in BUTTLER
AND WALDVOGEL [19934].

The outline of the paper is as follows. The next section surveys briefly different bond val-
uation models. The model which is used in this paper is explained in the third section. The
model parameters are estimated in the fourth section. The finite difference methods, which are
considered in this paper, are explained in the fifth section, followed by a section which ad-
dresses the question of numerical accuracy of the finite difference methods. Finally, we look at
the implied (“ observed”) prices of the embedded call option. Conclusions are given at the end.

2. A Brief Survey on Bond Valuation Models

By and large, the different valuation models which have been proposed in the literature
can be divided into three groups. The following grouping is, of course, a matter of personal
taste. An extensive survey on bond option pricing models can be found in COURTADON [1990],
and another classification, e. g., in HEATH ET AL. [1992].

The first group consists of models which value directly a derivative financial instrument
(e. 9., acallable bond) written on afixed-income security (instead of using the term structure of
interest rates). Examples are given in BALL AND TOROUS [1983], in MERTON [1973] aswell as
in SCHAEFER AND SCHWARTZ [1987]. In the first two papers, the derivative financia in-
strument is written on a discount bond, whereas in the last paper it is written on a straight
(coupon) bond. The valuation proceeds in the usual way. First, a stochastic processis assumed
for the price of the unterlying security. BALL AND TOROUS as well as MERTON assume a geo-
metric BROWNian bridge process for the price of the underlying security, which forces the price
of the underlying security to approach the given payoff function on the maturity date. SCHAE-
FER AND SCHWARTZ consider a geometric BROWNian motion of the price of the underlying se-
curity where the volatility of the underlying bond’ s price is proportional to the duration of the
straight bond. The assumption of SCHAEFER AND SCHWARTZ is quite unrealistic because the
price of the straight bond does not approach the given payoff function (i. e., the face value plus

1 Seepages 122 — 125, Table 4.4 on page 123, Figure 5.3 on page 143, and Figure 5.5 on page 145.

2 1t may be possible that the results presented in GIBSON-ASNER are a mixture of numerical error and pricing
bias due to her particular numerical algorithm.
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Evaluation of Callable Bonds 3

coupon) on the maturity date, nor is the time pattern of the volatility plausible. In the second
step, ariskless portfolio is constructed from the underlying security and the financial instrument
to be considered. The condition that this riskless portfolio earns the riskless instantaneous inter-
est rate allows to solve for the price of the derivative financial instrument. There are two short-
comings with these valuation models. First, NELSON AND RAMASWAMY [1990] have shown
that these models are not arbitrage-free. Secondly, the market price of interest-rate risk remains
undetermined. GIBSON-ASNER [1990] uses the model of SCHAEFER AND SCHWARTZ [1987]
to value Swiss callable bonds. Besides the two shortcomings mentioned above, thereisathird
deficiency in her model, since the price of the callable bond does not approach the given payoff
function on the last possible redemption date, if the bond is never called.

The second group consists of discrete-time models which extend the popular binomial
model3 to the term structure of interest rates. Examples are BOOKSTABER, JACOB AND LANG-
SAM [1986], BOYLE [1988], BOYLE, EVNINE UND GIBBS [1989], DYER AND JACOB [1988],
PEDERSEN, SHIU AND THORLACIUS [1989] as well as RENDLEMAN AND BARTTER [1980].
An early attempt of a multinomial model is given in LANGETIEG [1980]. However, some of
these models are not arbitrage-free, or do not consider the market price of interest-rate risk, or
do not explicitly specify the stochastic process of the underlying interest rate(s) within the
framework of the binomial or multinomial model. The binomial model proposed by HO AND
LEE [1986] overcomes two of these shortcomings, that is, it is arbitrage-free and takes the mar-
ket price of interest-rate risk into account. However, it does not specify explicitly the stochastic
process of the instantaneous interest rate which explains the whole term structure (in fact, itisa
one-factor mode!). In their model, the market price of interest-rate risk must be estimated empir-
icaly by means of a multi-stage econometric procedure. Moreover, it has been shown that the
(implicitly) underlying stochastic process of the instantaneous interest rate in HO AND LEE’S
model does not tend to along-run equilibrium distribution (see HULL AND WHITE [1990]). To
my knowledge, there is only the discrete-time model of NELSON AND RAMASWAMY [1990]
which is arbitrage-free, which considers the market price of interest-rate risk, and which speci-
fies explicitly the stochastic process of the interest rate. They show which stochastic processes
can be treated within the framework of a generalized binomial model4. In view of the one-factor
model to be considered in this paper, they conclude that both the ORNSTEIN-UHLENBECK pro-
cess and the square-root process of the instantaneous interest rate can be treated with the gen-
eralized binomial model, but not the double square-root process of the instantaneous interest

3 The binomia model has been developed for a geometric BROWNian process of the price of a common stock
with constant volatility. It has been proposed by SHARPE and it has independently been derived by RENDLEMAN
AND BARTTER [1979] aswell as COX, ROSS AND RUBINSTEIN [1979].

4 NELSON AND RAMASWAMY [1990] develop a generalized version of the binomial model which allows for
variable volatilities, given some necessary conditions. The basic idea of their model is to transfrom the original
stochastic process to the geometric BROWNian motion with constant volatility, i. e., the well-known binomial
model. If the inverse function of this variable transformation is one-to-one, one can determine the probabilities of
the up and down moves in the simple binomial model and then transform the simple binomial process back to
the original process.
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4 H.-J. Buttler

rate.> Since the binomia model is outlined in such away as to calculate only one price today, in
contrast to the finite difference (or similar®) methods which compute a vector of prices on all
necessary dates during the life of the security, the binomial model is, in general, numerically
more efficient.” However, NELSON AND RAMASWAMY [1990, p. 421, Table 2] report numeri-
cal results for the square-root process which are not promising, because the computed price
may deviate from the theoretical price by as much as 13% for afive-year discount bond. This
numerical error grows with the length of the time to maturity.
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Figures 1a & b: Price of the European Callable Bond (a) and the Embedded
Call Option (b) for the One-factor Models of VASICEK and CIR. Thetimeto expiration is
6.811 years and the annual coupon is 7%. The model parameters have been estimated from the
sameinverseyield structure which isused in the text.

The third group consists of continuous-time models. Common to the continuous-time
models and the discrete-time model s mentioned above is the explanation of the term structure of
interest rates by means of one or more “driving” factors of the economy. An early attempt of
both a one-factor model and a two-factor model of the term structure can be found in BRENNAN
AND SCHWARTZ [1977, 1979]. The two factors considered are the instantaneous interest rate
and the yield of a consol discount bond. By now, there are two popular one-factor models of
the term structure: the one proposed by VASICEK [1977], which is based on the ORNSTEIN-UH-
LENBECK process for the instantaneous interest rate, and the one proposed by Cox, INGERSOLL
AND ROSS [1985b], henceforth abbreviated as CIR, which is based on the square-root process
for the instantaneous interest rate.® The instantaneous interest rate may become negative with

5 The ORNSTEIN-UHLENBECK has been considered by VASICEK [1977], the square-root process by COX, IN-
GERSOLL AND ROSS [1985h] and the double sguare-root process by LONGSTAFF [1989].

6 For instance, the method of lines or the method of finite elements, respectively.

7 For acomparison of the simple binomial model with finite difference methods see, e. g., GESKE AND SHAS-
TRI [1985].

8 VASICEK’s derivation of the partial differential equation of the price of a discount bond does not rely on a
specific stochastic process for the interest rate. The ORNSTEIN-UHLENBECK process was merely used as an illus-
tration in order to derive an analytical solution of the partial differential equation. While CIR derive the interest-
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Evaluation of Callable Bonds 5

the ORNSTEIN-UHLENBECK process, but remains positive with the sguare-root process.
Keeping in mind that both one-factor models explain the real term structure of interest rates, the
ORNSTEIN-UHLENBECK process may be preferable. In practice, however, both models are
applied to the nominal term structure.® From the latter perspective, the square-root processis
preferable. A comparison of the two theoretical prices of the European callable bond is shown
in Figure 1. As expected, the price of the embedded call option is greater in the case of VASI-
CEK’smodel than in the case of the CIR model, but the differenceis rather small.10 A third one-
factor model, which is based on the double square-root process for the instantaneous interest
rate, has been proposed by LONGSTAFF [1989]. However, one can show that LONGSTAFF'S
model may be reduced to VASICEK’ s.11 Examples of the two-factor model are the one proposed
by LONGSTAFF AND SCHWARTZ [1992], in which both the instantaneous interest rate and its
volatility determine the whole term structure, or the one proposed by CIR [1985b], in which the
instantaneous interest rate together with the inflation rate determine the nominal term
structure.12 Finally, a generalization to a multi-factor model is given in HEATH, JARROW AND
MORTON [1992].13 Their model considers stochastic movements of the whole term structure of
interest rates, given aninitial term structure of forward rates, and given the condition that arbri-
trage isexcluded. While dl the yields are perfectly correlated with the instantaneous interest rate
(the explanatory variable) in the one-factor model, thisis no longer true with the multi-factor
model.

3. The Model

As an example, we consider the one-factor model of VASICEK [1977], in which the in-
stantaneous interest rate is the only explanatory factor that determines completely the future
movements of the term structure of interest rates. As mentioned before, thisimplies that all the
yields with different maturities are perfectly correlated with the instantanesous interest rate.
From an economic point of view, it seems reasonable to consider the instantaneous interest rate

rate process endogeneously from a general equilibrium model (COX ET AL. [1985d]), VASICEK assumes such a
process. Moreover, CIR derive the partial differential equation to value a discount bond from the same general
equilibrium model, in constrast to VASICEK who develops his partial differential equation from the no-arbitrage
condition.

9 A recent theory of the nominal term structure of interest rates can be found in CONSTANTINIDES [1992] and
SUN [1992].

10 The difference is small as long as negative interest rates do not play a role in determining the optimal call
policy.

11 See BUTTLER AND WALDVOGEL [1993a]. Moreover, LONGSTAFF claims that his formula for the price of a
discount bond was derived for areflecting barrier at a zero interest rate. However, BEAGLEHOLE AND TENNEY
[1992] have shown that LONGSTAFF's claim is incorrect: his formula holds for interest rates on the whole real
axis, only.

12 An application of the CIR two-factor model to various bonds and futures can be found in CHEN AND SCOTT
[1992].

13 Aswas noted by HEATH ET AL., their model is a generalization of the one-factor model put forward by HO
AND LEE [1986]. A discrete-time version necessary to implement numerically their continuous-time, multi-factor
model isgivenin HEATH ET AL. [1990].
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6 H.-J. Buttler

as the explanatory factor because most central banks steer their monetary course by means of
daily operations on bank reserves which, in turn, determine the very short-term interest rates for
interbank borrowing and lending.

Denote as P(t, 7) the price of adiscount bond, promising to pay one unit of money on the
expiration date, given timet and the time period to expiration 7, and denote the corresponding
yield as R(t, 7). The price of the discount bond is defined to be the present value of the face
value with the bond yield being the discount rate, that is, P(t, 7) = exp(— R(t, 7) 7) - 1. Thus,
the instantaneous interest rate today, r(t), is defined to be the yield of a discount bond that ma-
tures within the next instant:

r(t) = R(t,0) = im R(t, 7) = m—@- (3.1)

In VASICEK’smoddl, it is assumed that the instantaneous interest rate can be described by
the following ORNSTEIN-UHLENBECK process.14

dr=a(y-r)dt+pdz (3.2

where o > 0 denotes the speed of adjustment, y> 0 the long-run “equilibrium” value of the in-
stantaneous interest rate, t the calendar time, p > 0 the constant instantaneous standard deviation
of the instantaneous interest rate, and dz the GAUSS-WIENER process. The spot interest rate
may become negative, but “ mean-reverting” will eventually pull it back to its long-run equilib-
rium value. Given the interest-rate process of equation (3.2), VASICEK derives the following
partial differential equation to determine the price of a default-free discount bond, P(r, 1),
promising to pay one unit of money on the maturity date:

PT:%pZPrr+[a(y_r)+pq]Pr_rp! (33)

where the subscripts denote partial derivatives, T the remaining time period until the expiration
of the discount bond, and g the market price of interest-rate risk assumed to be constant. If arbi-
trage opportunities are ruled out, the market price of interest-rate risk must be the same for al
discount bonds of different maturities. Empirically, we would expect g to be positive. Thein-
terval of definitionforrisr € $, = R, whereas we always assume 7€ $, = (0, «). The region
of definition of P(r, 1) isQ2 =9, x $,, i. e, the upper half plane. Equation (3.3) is nowhere
singular. The analytical solution of the partial differential equation (3.3) isgiven in VASICEK as.

P(r, 7) = exp(f(7) + g(7) 1), with f(7) ::% R [1-e%]— RmT_L:[l_e—mﬁ

2
9(7) :=—%[1—e‘“ﬂ , R.:= Y“Z?—;ZZ-

14 The probability density function of the Ornstein-Uhlenbeck process can be found, e. g. , in COX AND MIL-
LER [1965].
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Evaluation of Callable Bonds 7

The abbrevation R, denotes the yield of a discount bond with infinite time until maturity, i. e., a
consol discount bond, and both “€” and “exp” denote the exponentia function. In a meaningful
model, the nominal yield of a consol bond should be positive. The equation (3.4) has been de-
rived for theinitial condition P(r, 0) = 1, but no boundary conditions have been specified.

In order to obtain a unique solution initial values P(r, 0) must be given for r € $,. Also,
in general two boundary conditions must be given, namely one on the left and one on the right
boundary of %, for every T e $,. The boundary conditions which lead to the price formula
(3.4) are given by (BUTTLER AND WALDVOGEL [19934]):

P(r, 1) > 0asr — oo, (right boundary),

P(r, 7) = O(e?”), ¥ >0, asr — — oo, (left boundary). (3.5)

The right boundary condition has been proposed by BRENNAN AND SCHWARTZ [1977, 1979].
It says that the price of a discount bond tends to zero as the instantaneous interest rate grows
infinitely large. The left boundary condition ensures that a particular solution is chosen which
grows exponentially at most as the absolute value of the interest rate becomes very large.

The term structure of discount bond yields follows from equation (3.4):

R(r, 7) = _w —R +0O- RZQ [Tl—e“’”} . pz[i ;36;“7]2 | (3.6)

As already mentioned, if the time until expiration growsinfinitely large, then the yield becomes
R.=lim_ _ R(r, 7), and if the time until expiration vanishes, then the yield becomes the instan-
taneous interest rate r(t) = lim_, , R(r, 7). The term structure is shown for four different values
of the prevailing instantaneous interest rate in Figure 2 with z:= R(r, 7) on the vertical axis. If
the current value of the instantaneous interest rate is less than R_ — p?/(4 o), then the yield
curve is monotone increasing (normal yield curve); if the current value of the instantaneous in-

T— o0

terest is greater than R_ + p?/(2 o?), then the yield curve is monotone decreasing (inverse yield
curve), otherwiseit is a humped curve. The same three types of yield curves are obtained with
the CIR model aswell.

The callable bond satisfies the same partia differential equation (3.3) and the same bound-
ary conditions (3.5) as the discount bond between the notice dates. Moreover, there isthe early
redemption condition prevailing on each notice date when the debtor has to decide whether or
not to call the bond. Suppose there are v call dates identical to the coupon dates [t —j] for j = 1,
2, ..., v,with t, the last possible redemption date if the bond is never called. The notice period
is denoted as 7, which is, in general, two months. Let the call prices be denoted as X, := X(t, —
j)forj=1,2, ..., v, theinstantaneous interest rates prevailing on the notice dates [t, — 7, —j] as
ro=r(, —1,—j)forj=1,2, .., v, theinstantaneous interest rate today asr :=r(t,), the time
periods between call dates as 7 (one year), the time period between today and the last notice date
(when moving backwardsin time) as 7, the number of whole years of the remaining time until
the last possible redemption date as u, and the annual coupon as 1.
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Figure 2: Term Structure. Figure 3: Early Redemption Condition.

We proceed backwards in time. If the bond is never called, the price of the callable bond
will be equd to the price of the underlying straight bond on the last possible redemption date, t,,
that is, equal to the face value plus the coupon payment, [1 + 1] (the inital condition). Anin-
stant before the first notice date, the price of the callable bond is equal to the time value of the
underlying straight bond, K(r,, t, + 7)* =[1+ n] - P(r,, 7, + 7) + n - P(r,, 7.). The time value
of the call price plus the coupon payment on the first notice date is given by [X, + n] - P(r,, 7.).
The call policy is optimal if the issuer of the callable bond minimizes his outstanding debt.
Therefore, he will call the bond if the price of the callable bond is greater than the time value of
the call price including the coupon payment. The “break-even” (or critical) interest rate on the
first notice day, r,", isthat interest rate which equates the price of the callable bond an instant
before the notice date and the time value of the call price. Hence, the price of the callable bond
an instant after the first notice day is given by K(r,, 7, + 1)~ = min {K(r,, 7, + 7)", [X, + 1] -
P(r,, 7.)}. Thisisthe early redemption condition on the first notice day. The callable bond then
behaves like the underlying straight bond during the period between the first and second notice
day. The procedure mentioned above repeats on the second and the following notice days.
Hence, the early redemption conditons may be written as

K(r', 7,+j7) =[X+n|PIr,t) = 1, j=1,2,...,v,

. * 3.7)
o) = ”Xj +17] P(r,z), forr,=r/,

" K(r, 7,+j-7)",  forr, =1/

Again, the callable bond behaves like the underlying straight bond during the period between

today and the last notice day when the bond cannot be called. An early redemption condition is

shown by the bold-faced kinked curve in Figure 3.
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4. The Estimation of Model Parameters

There are four parametersto be estimated in VASICEK’ s model: the speed of adjustment ¢,
the long-run “equilibrium” value of the instantaneous interest rate v, the constant instantaneous
standard deviation of the instantaneous interest rate p, and the market price of interest-rate risk
g. Thefirst three parameters could be estimated by means of a regression of the discrete-time
version of the ORNSTEIN-UHLENBECK process (VASICEK [1977, p. 187]). Here, all the pa-
rameters are estimated from a cross section sample of yields for a particular risk class (e. g.,
cantonal bonds) on a particular trading day. This procedure —to be repeated for each risk class
on each trading day— has the advantage that the most recent information is used. It is analo-
gousto estimating implicit volatilities of stock options.

In this paper, the cross section sample consists of three observations only, that is, the
yield curveis perfectly fitted to the observations. In practice, one would like to estimate the pa-
rameters with some degree of freedom. An inspection of the theoretical yield curve of equation
(3.6) shows that the two pairs of partial derivatives {dR/dy, dR/0q} and {dR/Jy, dR/dr} are
linearly dependent. Since we want to calculate the price of the callable bond for the current value
of the instantaneous interest rate which is observed on the trading day in question, thisvalueis
included in the sample of the observed yield curve. The long-run “equilibrium” value of the
instanteneous interest rate, v, is chosen to be exogeneous. It is estimated as the long-run mean
value of the observed instantaneous interest rate over the last twenty years (y = 0.03484).
Hence, there remain the three parameters «, p, and g to be estimated. In the calculationsto fol-
low, we choose three exchange-traded straight bonds with 7, = {1, 7.175, 10.25} years until
expiration. The corresponding observed discrete-time yields, R are transformed to continuous-
timeyields according to R = In(1 + R); they are R = {0.07753, 0.06647, 0.06298}. The esti-
mation is done by means of the following three nonlinear equations which relate the theoretical
yield curve of equation (3.6) to the observed yields as follows:

f(X)=Rr 7;X)-R =0, i=1,2,3. (4.1)

Here, x denotes the vector of parameters, i. e., X :=[¢, p, d]’. If both theoretical and observed
yields are equal, then the three functions f, must vanish. Given a starting value x, successive
increments Ax are obtained by means of the NEWTON-RAPHSON method as follows:

Ax=A""b, withA = 9f/ox , of/dx, f/ox, b= —f,|.
If5ax,, 9fax, 9f50x, mE

of Yox,, 9f/ox, If/ox, ~f,
‘ w (4.2)

The JacoBlan matrix A isinverted by means of the LU decomposition of PRESSET AL. [1989]
and is given by the partial derivatives of the theoretical yield function of equation (3.6) asfol-
lows:
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10 H.-J. Buttler

af aR(I', T.) Pf pfz _ 1-e* _ [1+ om-i] e
0X, Jdo o o 1 or, *[r-R] o’
+ p [2061 (1-e) e —3(1—e*f],

(4.3)

4o
%:M q_ P [1_1—e—0‘1+2p(1_e_aq)2
ox,  dp {a a } ar, a0t
8]‘ 8R(r, TI) _ [1_1—9_‘“‘

0X, g o arT,

The NEWTON-RAPHSON method (PRESSET AL. [1989]) which is used in this paper is modified
asfollows. Firgt, the first two parameters are restricted to remain positive during the search of
the roots. Secondly, the iteration takes the form x® = x=2 + g(Ax), where g(*) is a predefined
function that takes the relative change into account, i. e., the smaller the relative change
AXx/XU=P, the greater is the increment g(Ax). This helps to avoid an overshooting of the roots to
be found.

Given the current value of the instantaneous interest rate, r, = 0.07522, we find for the
three parameters the following values: o = 0.4418, p = 0.1326 and q = 0.2117. As expected,
the market price of interest-rate risk, g, turns out to be positive. The theoretical yield curve of
eguation (3.6) for these numerical valuesis shown as bold-faced curve in Figure 2. The actual
yield curve was humped and inverse for longer-term bonds on the trading day in question. In
Table A.1, the quoted price of several cantonal straight bonds is compared with the analytical
price; the latter is obtained from the portfolio of discount bonds the prices of which are givenin
eguation (3.4). The percentage errors are quite small (see column 7). Since there is only one
straight bond issued by the Swiss confederation which belongs to the corresponding “bond
basket” of the SwiSS NATIONAL BANK (SNB), the theoretical yield curve cannot be estimated
for thisrisk class. Therefore, the yield curve just found for the cantonal bonds will be used for
the federal bonds as well.

5. Finite Difference Methods

Four different finite difference methods have been applied to the partial differential equa-
tion (3.3), namely the explicit method, the implicit method, the CRANK-NICOLSON method, and
the implicit method with atwo time-level extrapolation due to LAWSON AND MORRIS [1978],
henceforth the LAWSON-MORRIS method. BRENNAN AND SCHWARTZ [1978] have shown that
the explicit method corresponds to the simple binomial model, in contrast to the implicit method
which corresponds to a multinomial model with jumps.

The differential equation (3.3) istransformed first. Several possibilities arise. If oneisin-
terested in the whole range of interest rates from minusinfinity to plusinfinity, the transforma-
tion of variable x = tanh(r) is suitable because it does not introduce singularities in the interval x
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Evaluation of Callable Bonds 11

e [-1, +1].15If oneisinterested in positive interest rates only as we are in this paper, the log-
arithmic transformation x =In(1 +r), r € (-1, + o), or the transformation proposed by BREN-
NAN AND SCHWARTZ [1979] may be used:16

1 _t—t,

X = S—
1+ mr s—1,

. (0<x t<1), F(x 17)=P(r,1). (5.1)

Here, M is a scaling factor, s the maximum time to expiration of all bonds considered, and 7
measures the elapsed time rather than the time to maturity.1” Two comments are necessary.
First, although we consider only non-negative interest rates in this paper, the transformation
(5.1) allows for a negative interest-rate range which is sufficient in practical applications, for
instance, r > —100% for m = 1. In fact, a calculation of the analytical price of a callable bond
with twenty years to expiration and with ten call dates has shown that the smallest * break-even”
interest rate is—13% (BUTTLER AND WALDVOGEL [1993b]). Secondly, the numerical error of
the finite difference method under consideration is based on the analytical price for positive
“break-even” interest rates (see Table A.3). In Table A.4 however, the analytical priceis calcu-
lated for all the possible “break-even” interest rates. The partial derivatives of the discount bond
price become with transformation (5.1):

dP(r,t) _ 1 JF(x,7) OIP(r,t) _ _fx 20F(X, 7)
ot s—-t, odtr ' or ox '
azp(r, t) - 2m2x3 aF(X, T) + r/h2x4 aZF(X, T) '
or? ox ox?

(5.2)

Substituting equation (5.2) into equation (3.3), the transformed differential equation is obtained:

0= F(x 1), ()8F(x 7)., bix )aZF(x 7) + 509 F(x, 7), with
ot ox?
a) =—|(ay + pg) Mx2— o (1-x) x—p?* x| (s—1) Z 0, (5.3)

b(X) :%pzﬁf x*(s—t) >0, ¢(X) :_(1ﬁ1_X)(S_t°) <0.
X

The region of definition of the transformed differential equation, €2 = [0, 1] x [0, 1], is
now divided into meshes. Since we want to calculate the price of callable bonds for the current
value of the instantaneous interest rate, the meshes are not all of the same size. Moreover, it
might be desirable to have narrow meshes for small interest rates such that the “ break-even” in-

15 From a computational point of view, it is not possible to use the whole range of negative interest rates be-
cause the price of the discount bond grows exponentially which, in turn, would produce overflows for large abso-
lute values of the interest rate.

16 |EITHNER [1992] applies the square-root transformation x = \r and F(x, 7) = P(r, t) to the differential equa-
tion of CIR which isregular singular a r = 0. The square-root transformation introduces a new singularity at x =
0. As a consequence, the first partial derivative, dF/dx, has to be restricted to zero at the origin due to the fact
that the price of the discount bond isaregular solution with finite derivative oP/or at r = 0.

17 This does not mean that we are solving forwards the differential equation (3.3). Aswill be seen later, the dif-
ferential equation is solved backwardsin time.
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12 H.-J. Buttler

terest rate can be determined with “high” accuracy. Therefore, the x-axisis divided into n, equal
intervals between x and 1 (equivalently betweenr =r_andr = 0) and n, equal intervals be-
tween 0 and X, (equivalently betweenr = andr =r, ). If n, isset equal to zero, then the whole
range of positive interest ratesis divided into n, equal intervals, possibly except for an initial
step at x = 0 (r = o). The current value of the instantaneous interest rate, r,, lies always on a
mesh point. The steps between two points in time of interest (e. g., a coupon date and a notice
date) will be of equal Iength. The mesh points are counted with index i along the x-axis,
henceforth the locational axis, and with index j along the time axis.

Denote the price of abond F(x, 7) at mesh point (i, j) asF; ;. The partial derivatives of
equation (5.3) are approximated by the standard second-order finite differencesif these occur at
an internal mesh point (SMITH [1985]):

aFi’j_'_l 1 aF, 1
ot 2 NE[FLHFFLJ : ax,J NE[FHU_F‘—LJ ’
(5.4)
P, 1
o g 2R Rl

The CRANK-NICOLSON method refers to the mesh point {6 - (i,j) + (1—6) - (i, ] + 1)}, where
0 isone-haf (SMITH [1985]). The explicit method holds for 6 = 0, and the implicit method for
0 = 1. Substitute equation (5.4) into the transformed differential equation (5.3), the difference
equation for an internal mesh point (i, j) with equidistant intervalsto the left and to the right be-
comes:

aF,_,;+bF +cF.,;=eF ., +fF ., +gF., .., where

a=[a<p Bw} 6.=—2<p—5il/f}(1—9),
b=1+2by—-CArl 6, f=1-|2by-cAr/(1-), (5.5)
c=-Jo+ 51//}9 g.=B¢+Aiw(l—9),
(p:AT w= AT
AX (Ax)2

Here v denotes the mesh ratio (SMITH [1985]). Both the numer of intervals of the locational
variable and the mesh ratio to be chosen determine the size of the time step. If the step sizeto
the left, Ax,, is not the same as that to the right, Ax, of a mesh point (z, j), the following finite
difference approximation to the partial derivativesis used (STIEFEL [1965], SCHWARZ [1988]):

anJ+1 1 oF . 1

ot E[Fz,ju_Fz,J ' a;J NAx+ AXO[F1+1,J' _Fl—l,i] :
oF,, 2

ox2  AXAX,[AX + AX,|

(5.6)

[AXO(FH 1j FL,j) —AX (Fl,J' - Fl_l:l‘ﬂ '
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Evaluation of Callable Bonds 13

Substitute equation (5.6) into the transformed differential equation (5.3), the finite difference
equation for the internal mesh point (t, j) with unequal intervals to the left and to the right be-
comes:

aF,_,;+bF +cF. ., ,=eF _,, ., +fF . +gF.. .., with

a=[30,-by 6, e =-lap,-bw/(1-0),
b= 1+ by + v)—GAT 6, f,=1— by +y)—GAd (1-6), (5.7)
c=-la0,+by) 6 g.=3¢ +by, (1-0),

0 = AT _ 2AT _ 2AT

Tax+ A% VT axlax+ Ax] T AX[AX+ Ax]

The left boundary condition of the transformed differential equation is F,; = 0 for al j.
Hence, we set a, and e, equal to zero in equation (5.5) for i = 1 or in equation (5.7) for 1 = 1,
respectively.

The right boundary condition of the transformed differential equation (5.3) isobtained in
the following way. First, note that the transformed differential equation isregular at x =1 (or
the differential equation (3.3) at r = 0), that is, the partial derivativesF, and F, arefiniteat x =1
(r =0). Asaconseguence, the partial differential equation reducesto

OF(X, 7) | ~ .\ OF(X, T)
ot +al) oX

a(1) =-{(ay + pa) m—p’m’ (s—1) 20, B(1) =7 p’M’(s—1) > .

IF(x, 7)

0= +b(2) Ca s with

(5.8)

Secondly, the partia derivatives on the right boundary may be approximated by various bound-
ary schemes (STIEFEL [1965], SCHWARZz [1988]). Unfortunately, these boundary schemes do
not have the same local truncation error as the finite difference approximation at internal mesh
points because no points outside of the region of definition can be taken into account. Wetried
the five simplest boundary schemesfor i = n (x = 1) which are shown in Table 5.1. The second
boundary scheme is a compl ete second-order finite difference approximation. However, it con-
strains the second partial derivatives at the points (n, -) and (n—1, -) to be equal. This restric-
tion, which is similar to the “not-a-knot” condition used for cubic splines (DE BOOR [1978]),
helpsto stabilize possible oscillations. The first boundary scheme, which is extensively used in
the finance literature (see, e. g., BRENNAN AND SCHWARTZ [1977, 1979], COURTADON
[1982], or DUFFIE [1992]), imposes the same restriction with respect to the second partial
derivative as the second boundary scheme. Moreover, the first partial derivative of the first
boundary scheme applies to the point (n — 1/2, -) rather than to the point (n, -). The third
boundary scheme is, in principle, equivalent to the one for the internal mesh points:. the first
partial derivativeis of the same second order and the second partial derivatives at the points (n,
3 and (n—1, -) are not restricted to be equal. However, the second partial derivative of this
finite difference scheme is now of the third order. The fourth boundary scheme is of the third
order for both partial derivatives, and finally, the fifth boundary scheme of the fourth order. In
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summary, none of the five boundary schemes considered in Table 5.1 corresponds exactly with
the finite difference scheme for the internal mesh points. The choice of one of them is, there-

fore, at the user’ s discretion.

Table 5.1: Five Boundary Schemes.

H.-J. Buttler

Scheme# | Derivative | Denominator F Foo1 Fo_» Fo_s Fos
1 Fe AX 1 -1 — — —
Fix (AX)? 1 -2 1 _ _
2 Fe 2 AX 3 -4 1 — —
Fo (AX)® 1 -2 1 — _
3 Fe 2 AX 3 -4 1 — —
Fax (Ax)? 2 -5 4 -1 _
4 Fe 6 AX 1 -18 9 -2 —
Fx (AX)? 2 -5 4 -1 _
5 Fe 12 Ax 25 - 48 36 -16 3
F 12 (Ax)? 35 - 104 114 - 56 i

Comment: Read the second row as F, = [1-F, — 1-F,,_,] / Ax and similarly the other rows.

The finite difference equation on the right boundary is obtained from substituting the vari-
ous boundary schemes into the reduced differential equation (5.8). In the case of the second
boundary scheme this equation becomes:

An n—ZFn—Z,j + anFn—l,j + ann,j = Bn, n—2Fn—2,j+l + enFn—l,j+l + annj+l ’ Wlth

Anna= {an<p+bvf} By o= |an<p+bw}(1 0),
a,=2(ap+byl 6 8 =—lap+byl(1-9), (5.9)
b,=1-2a0+by 6, fi=1+ 330 +by/(1-0).

Here, the parameters ¢ and y have been defined in equation (5.5). Collecting all the finite-dif-
ference equations shows that the resulting linear equation system is tridiagonal except for the
last equation on the right boundary, irrespective of the boundary scheme considered in this pa-
per. Since the inversion of atridiagona matrix is computationally much more efficient than the
inversion of a sparse, non-tridiagonal matrix, we reduce the “boundary equation” (5.9) to tridi-
agonal form by means of equations (5.5) for the internal mesh points. In the case of the second
boundary scheme, the resulting “boundary equation” becomes:18

a'n n-1,j + b F n n—2Fn—2,j+1+ enFn—lj+1 annj+1' Wlth

n 2" O n, n-2 an Bn n-2 AVn, n—2en—11
an - an—lan_ An, n—2bn—l’ en an—le An n-2 fn—li (510)
bn = an—1bn - An n—ZCn—l’ fn = an—l fn - An, n—zgn—l’

18 The reduction to tridiagonal form is not necessary in the case of the explicit method because no matrix inver-
sion hasto be done.
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Evaluation of Callable Bonds 15

Finally, the linear equation system consisting of equations (5.5), (5.7), and (5.10) may be
written compactly for the explicit, implicit and CRANK-NICOLSON methods as follows:

A F,=BF,, orwrittenout (5.11a)
7f1 (o]} ] 7F " ]
b g Fu| e, f, o 1,j+1
& h,c . .
g = o 5 (5.11b)
b1 G '
et 1C|l; ' Fo | €1 fao1Gns
al " L [Bn M}[Bn,n—J Bn, n-2 en fn | 7Fn,j+17

The elements in square brackets are non-zero in the case of boundary schemes #3 —#5. Matrix
A isnow atridiagonal matrix, but not matrix B. Proceeding backwards in time, the price vector
at time] is obtained from the price vector at timej + 1 by the operation F; = A'B F .. Inthe
case of the explicit method, matrix A isthe identity matrix, that is, no inversion is necessary as
in the ssmple binomia model. In the case of the implicit method, matrix B is the identity matrix
except for the last row. Matrix A isinverted by the tridiagonal matrix algorithm of PRESS ET
AL. [1989].

The LAWSON-MORRIS method [1978] has among the various “methods of lines’ the ad-
vantage that its two linear equation systems are tridiagonal if the problem at hand is symmetric
with respect to the boundary conditions. In the case of the partial differential equation (5.3), the
boundary conditions are not sammetric but the tridiagonal matrix structure can be restored by
means of the GAUSSian elimination in the same way as before. The LAWSON-MORRIS method
improves the accuracy in time, and proceeds in two steps. In the first step, the price vector at
time-level j is calculated from atwo-time step, (1, 0) PADE approximation to the analytical solu-
tion of an ordinary differential equation system in time, the latter being obtained from atrans-
formation of the partial differential equation (5.3). Denote the first price vector at time-level | as
F{” and the price vector at time-level j + 2 (the starting value) as F, , ,, that is, two time steps
earlier (when moving backwards in time), then one can write for the first price vector:

withAY :=[1 —2atD], D:=L[I —A], (5.12)

~O —@ _
A F'=F
! At

j+2!
where At denotes the size of the time step, | the identity matrix and A the non-tridiagonal matrix
obtained from equations (5.5), (5.7) and (5.9). The linear equation system (5.12) can be trans-
formed into a tridiagonal linear equation system as in equation (5.11) before. Using a super-
script to denote the matrices that apply to the first price vector F, this linear equation system

may be written as follows:
AYFY=BYF,, o F®=[A®]"BYF,,. (5.13)

Matrix A® is now tridiagonal and Matrix B isthe identity matrix except for the last line. In the
second step, a second price vector denoted as F®@ is calculated by means of equation system
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16 H.-J. Buttler

(5.11) for 6= 1, that is, for the implicit method. Applying the implicit method to two consecu-
tive time steps, the second price vector becomes at time-levd j:

FP=[A"B[°F,,,. (5.14)

Finally, the extrapolated price vector F; at time-level j is alinear combination of the two price
vectors of equations (5.13) and (5.14):

— @) (1)
F =2F2-F%. (5.15)

The extrapolated price vector, F;, serves asinitial price vector for the next two time steps.

6. The Accuracy of Finite Difference Methods

The computer program has been written in PASCAL (JENSEN AND WIRTH [1978]) and
runs on the APPLE® MACINTOSH™ family, the machine precision of which is 19 — 20 decimal
digits (the range of real numbersis from 1.9-10"*** to 1.1.10"%).

Welook first at the stability of the five boundary schemes by computing the numerical er-
ror for a discount bond. Numerical experiments indicate that the first four boundary schemes
seem to be stable for al four finite difference methods considered in this paper, that is, the nu-
merical error shrinks as the meshes get smaller, holding the mesh ratio constant. However, the
fifth boundary scheme seemsto be unstable: the numerical error grows infinitely large (although
very slowly) as the meshes get smaller, holding the mesh ratio constant. This might be due to
the fact that the local truncation error of the fifth boundary scheme is much smaller than that of
the internal mesh points, that is, it is much more accurate than necessary, compared with the
finite difference approximation at internal mesh points. While the bond priceis nailed down to
zero on the left boundary (r = <) for every time-level, thisis not the case on the right boundary
(r =0). Inthe latter case, the numerical error propagates forwards to the next time-level without
any readjustment. The fifth boundary scheme is disregarded in the sequel.

It iswell known that the explicit mehod is unstable for “big” mesh ratios (SMITH [1985]).
Since small mesh ratios require agreat deal of time steps, the explicit method is computationally
not efficient. With this respect, the other three finite difference methods considered in this paper
are preferable. Although the implicit method, the CRANK-NICOLSON method, and the LAWSON-
MORRIS method are stable for any mesh ratio, these (and the explicit) methods may exhibit
slowly decaying finite oscillations. This phenomenon might be due to two facts. First, the
larger the number of interest-rate intervals, the smaller the local truncation error, but at the same
time, the larger is the number and range of eigenvalues of the PADé approximant A~ B of
equation (5.11). As a consequence, the analytical solution of the difference equations may con-
tain alarge number of components with widely varying rates of decay. Equations giving rise to
this phenomenon are said to be stiff (SMITH [1985]). Secondly, numerical studies indicate that
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very slowly decaying finite oscillations can occur in the neighbourhood of discontinuitiesin the
initial values or between initial values and boundary values. An example for the parabolic partia
differential equation of the heat conduction in arod solved with the CRANK-NICOLSON method
can be found in SMITH [1985, pp. 122 — 124]. The parabolic partial differential equation (3.4)
or (5.3), respectively, has a singularity between the initial values, which are equal to onein the
case of the discount bond, and the boundary values, which are zero on the right boundary.
Therefore, oscillations may occur in the neighbourhood of the expiration date or coupon date.
Indeed, our own numerical experimentsindicate that oscillations occur after each coupon date of
the straight bond for large mesh ratios, especialy with the CRANK-NICOLSON method. Finite
oscillations, however, are not restricted to the CRANK-NICOLSON method, nor to singularities,
as was demonstrated by GOURLAY AND MORRIS [1980] for a variety of multiple time-level
finite difference methods with extrapolation.

We compare the performance of the finite difference methods under consideration for the
case of the discount bond. The discount bond has only one discontinuity in the neighbourhood
of the maturity date, in contrast to the coupon bond which has additional discontinuities on each
coupon date, and in contrast to the callable bond which has additional discontinuities on each
notice day. We find that the LAWSON-MORRIS method, when optimized with respect to the pa-
rameters of the finite difference method, performs dightly best. Hence, the results to follow re-
fer to the LAWSON-MORRIS method.

The numerical accuracy of the finite difference methods under consideration when applied
to the callable bond is rather poor, given a number of interest-rate intervals which is both com-
parable with similar problems (see GOURLAY AND MORRIS [1980]) and computationally fea-
sible.19 In fact, the numerical accuracy is, by and large, one significant decimal digit only (see,
e. g., Table A.3). Hence, the finite difference methods under consideration are not useful for
real applications. Moreover, we find that many computed prices of the embedded call option
turn out to be negative, in particular for the third and fourth boundary scheme.

What is the reason for this poor numerical accuracy or the negative prices? We explain this
phenomenon by the discontinuity in the values of the early redemption condition which prevails
on each notice day. A closer ook at the evolution of the price vector of a particular callable bond
in time reveals this fact quite impressively. To bear out this assertion most clearly, we chose an
European callable bond, the analytical price of which can be computed with approximate
machine precision (BUTTLER AND WALDVOGEL [1993a & b]). The European callable bond
under consideration has a maximum life of 6.811 years until the final redemption date, bears an
annual coupon of 7%, and the single call date isthe last but one coupon date. Moreover, thereis
a notice period of two months ahead of the call date. The bold-faced yield curve shown in

19 The size of the stack memory restricts the length of vectors to about 250 elements due to the 32-kilobytes
limit. This limitation can be circumvented with PASCAL if vectors are declared as pointers to arrays which are
dynamically allocated variables of the heap memory. The size of the heap memory is limited by the size of the
random access memory of the PC at hand. Besides the size of various memories, there is a limitation of compu-
tation time in real applications. The computation time grows, by and large, with the square of the number of in-
terest-rate intervals, given atridiagonal equation system.
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18 H.-J. Buttler

Figure 2 is used. Note that the annual coupon of 7% lies above the yields with terms greater
than about four years; hence the price of the underlying straight bond first declines and then
grows as afunction of the time period until expiration. The parameters of the LAWSON-MORRIS
method have been chosen for this and all the other examples to be: n, = 50, r., = 0.15, n, = 50,
v = 200, At = 1/74th of ayear, s= 10 and m = 1.20 Proceeding backwards in time, we stop the
calculation for the first time an instant before the notice day and look at the numerical error of
the callable bond, which is shown in the Figures A.1. The panel (a) refers to interest rates
between zero and 200%, whereas the panel (b) refersto the relevant interest-rate range between
zero and 15%. The numerical error is very small so far. The early redemption condition on the
notice day is shown as kinked curve in Figure 3. The numerical error as a function of the
instantaneous interest rate has a spike at the “break-even” interest rate one time step after the
notice day. The computed and theoretical prices of the callable bond one time step after the
notice day are shown in Figure 3 and the percentage error in the Figures A.2. Although this
spike broadens and spreads out over the next few time steps, it introduces slowly decaying
finite oscillations which amplify the numerical error of the callable bond compared with that of
the underlying straight bond as can be seen from the Figures A.3 — A.5. On the final redemp-
tion date, the numerical error of the callable bond isin absolute value greater than 1.5% in the
relevant range of interest rates (see Figure A.4b), while the numerical error of the underlying
straight bond remains in absol ute values less than 0.7% (see Figure A.5). We conclude that the
difference in accuracy between the callable bond and its underlying straight bond is entirely due
to the discontinuity in the values of the early redemption condition. Moreover, the accuracy in
the relevant range of interest rates depends entirely on the boundary scheme under consideration
(see Figures A.1 — A.5). In this example, the computed price of the embedded call option turns
out to be negative for the boundary schemes #3 and #4.

Which boundary scheme should be chosen? Since, in general, you do not know the ana-
lytical solution of the partial differential equation in question, you would probably choose that
boundary scheme which gives you the smallest numerical error with respect to a similar security
with a known analytical solution, that is, the straight bond.21 A sample of underlying straight
bondsis shown in Table A.2. The boundary scheme #4 has the smallest root mean square error
for this sample. This choice, however, is misleading, given the same sample of corresponding

20 Asnoted in the fifth section, the number of time steps between two points in time of interest is always cho-
sen to be an integer number: this requires an adequate adjustment of the mesh ratio which was originally chosen.
The same applies to the number of interest-rate intervals originally chosen, ni, since the current value of thein-
stantaneous interest rate, ro, lies always on a mesh point. The actual locational steps are Ax = 0.0025912869 for
r € [0, rm] and Axo = 0.0174087131 for r € [rm, + =<]. Proceeding backwards in time, the actual number of time
stepsis 74 for awhole year (A7 = 0.0013513514), 12 between a coupon date and the following notice date (At =
0.0013888889), 62 between a notice date and the following coupon date (A7 = 0.0013440860), and 60 between
the last coupon date and the present date (A7 = 0.0013518519). The actual mesh ratios with respect to the time
step of awhole year are y = 201.25for r € [0, rm] and wo= A7/ [AXo]2 = 4.46 for r € [rm, + oo]. Recall that a
year isequal to /s=0.1.

21 |If you knew the analytical solution of a partial differential equation, then you would probably not wish to
apply afinite difference method to this differential equation.
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callable bonds of Table A.3. Now, the boundary scheme #2 has the smallest root mean square
error. We conclude that the boundary scheme which yields the smallest numerical error with re-
spect to the underlying straight bond does not perform best with respect to the callable bond.

Why? Note that all the four boundary schemes considered in this paper show the same
type of oscillation due to the early redemption condition (see Figure A.2b), but with respect to
the underlying straight bond, the boundary schemes #3 and #4 show no oscillation while the
boundary schemes #1 and #2 show very slowly decaying oscillations (see Figure A.5a).
Moreover, we find that the numerical error is greater for the first two boundary schemes than
for the remaining two boundary schemes on the notice day (see Figure A.1b), but after the no-
tice day this ordering is reversed (see also Tables A.2 and A.3). We conclude that the “ not-a-
knot” condition of the boundary schemes #1 and #2 hel ps to stabilize the oscillations which oc-
cur due to the discontinuity in the values of the early redemption condition. This, in turn, im-
proves the performance of the first two boundary schemes relative to that of the remaining two
boundary schemes.

7. Are Negative Option Prices Possible?

In an empirical study, LONGSTAFF [1992] finds that “nearly two-thirds of the call values
implied by a sample of recent callable bonds are negative.” Notice that the prices of the embed-
ded call option were computed entirely from quoted prices of both the callable bond and the un-
derlying straight bond, that is, from pairs of traded and otherwise identical bonds. This empiri-
cal evidence found by LONGSTAFF might have two reasons. First of all, markets for callable
bonds might be inefficient, but high transaction costs prevent riskless arbitrage. Secondly, it is
conceivable that the pricing of callable bondsisinaccurate if done by numerical methods at all.

Table A.4 compares the quoted price of each callable bond with the analytical price for the
cantonal and federal bonds belonging to the corresponding “bond baskets’ of the Swiss NA-
TIONAL BANK. Since the quoted price of each underlying straight bond is not available, we use
the analytical price of VASICEK’s model. We assume, thereby, that the analytical price of each
straight bond would be equal to its quoted price if the straight bond were traded. This assump-
tion seems to be reasonable given the results of Table A.1 which show that quoted and analyti-
cal prices of each straight bond were indeed quite close to each other on the trading day in
guestion.

Two facts from Table A.4 are worth mentioning. First, the “observed” (implied) price of
each embedded call option is negative except for two callable bonds. The two exceptions
(security numbers 15 712 and 15 718) refer to federal bonds with a maximum time period until
expiration of 19.942 and 20.172 years, respectively, and with ten call dates. The implied price
of each of these two embedded call optionsis approximately half the anaytical price. Secondly,
the analytical price of each embedded call option shown in column 7 of Table A.4 is positive.
Moreover, it is accurate for the decimal digits displayed. Finally, some pairs of callable bonds
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(security numbers {16 242, 17 459, 17 360}, {15 712, 15 718}, {15 736, 15 738}, {15 745,
15 227}, {15 740, 15 749, 15 753}) are identical except for the time period until the last pos-
sible redemption date. During the period the bond cannot be called, the semi-American call be-
haves like the European call with respect to time: the call price first grows, then declines and fi-
nally approaches zero as the time period grows infinitely large. The maximum call value is
reached after four to six years for the coupons under consideration. Since the time period until
expiration is greater than six years for each of the above mentioned pairs of bonds, all the prices
of the embedded call option decline with increasing time.

8. Conclusions

This study implies four results. First, the numerical error is greater for the callable bond
than for the straight bond. This phenomenon can be attributed to the discontinuity in the values
of the early redemption condition. Given a number of interest-rate intervals which is both com-
parable with similar problems and computationally feasible, the numerical accuracy is, by and
large, one significant decimal digit only. Hence, the finite difference methods considered in this
paper are not useful for real applications. Moreover, many computed prices of the embedded
call option turn out to be negative. The phenomenon of negative computed prices of the embed-
ded call option has also been observed, but has not been explained, in a study by GIBSON-AS-
NER [1990, p. 670].22 In an empirical paper, LONGSTAFF [1992] finds that “nearly two-thirds
of the call valuesimplied by a sample of recent callable bond prices are negative.” We argue that
the negative computed or implied prices of the embedded call option might be due to the numer-
ical error of the finite difference methods.

Secondly, the numerical accuracy of the callable bond price computed for the relevant
range of interest rates between zero and, say, fifteen percent depends entirely on the finite dif-
ference scheme which is chosen for the boundary points. We compare the numerical error for
four different boundary schemes, including the one which is extensively used in the finance lit-
erature (see, e. g., BRENNAN AND SCHWARTZ [1977, 1979], COURTADON [1982], or DUFFIE
[1992]). We show that none of the four boundary schemes considered in this paper corre-
sponds exactly with the finite difference scheme for the internal mesh points. The choice of one
of them s, therefore, at the user’ s discretion.

Thirdly, the boundary scheme which yields the smallest numerical errror with respect to
the (underlying) straight bond does not perform best with respect to the callable bond. The
boundary scheme #4 has the smallest root mean square error with respect to the underlying
straight bond for the sample of Table A.3, in contrast to the boundary scheme #2 which has the
smallest root mean square error with respect to the callable bond. This phenomenon can be ex-

22 Although many results in LEITHNER [1992] point to negative computed prices of the embedded call option,
he did neither observe this possibility nor mention any numerical peculiarity.
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plained by the “not-a-knot” condition which the boundary schemes #1 and #2 impose on the
second partial derivatives. Since, in general, you do not know the analytical solution of the par-
tial differential equation in question, you would probably choose that boundary scheme which
gives you the smallest numerical error with respect to asimilar security with aknown analytical
solution, that is, the straight bond. However, this choice is misleading.

Fourthly, we find a similar result to that of LONGSTAFF [1992], namely that all but two
call option prices implied by the sample of Table A.4 are negative. This empirical evidence
might have two reasons. First of al, markets for callable bonds might be inefficient, but high
transaction costs prevent riskless arbitrage. Secondly, it is conceivable that the pricing of
callable bondsisinaccurate if done by numerical methods at all.
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Appendix: Tables A.1 — A.5 and Figures A.1-A5

Table A.1: Price of Straight Bonds Belonging to “Bond Baskets” of the Swiss
NATIONAL BANK and Numerical Error of Finite Difference Method. 1

Number | Name of Security Years Price of Straight Bond Percentage Error

of to Analy- Finite Analy- Finite

Security Maturity | Observed 3| tical4 | Diff. M.® | tical® | Diff. M. 7
Col. 1 Col. 2 Col. 3 Col. 4 Col.5 Col. 6 Col. 7 Col. 8

15851 | 4 1/4% Aargau 1988-1998 6.894 86.25 | 85.40 | 85.00 - 1.0 - 0.5
16136 | 6 3/4% Basel-Stadt 91-2001 9.203| 100.25 | 99.94 99.13 - 0.3 - 0.8
16 209 | 4 1/4% Bern 1988-1999 2 7.175 85.50 | 85.13 | 84.69 - 0.4 - 0.5
16 452 | 6 3/4% Bern 1991-2001 9.144| 100.25 | 99.92 99.11 - 0.3 - 0.8
16 440 | 4 1/4% Genf 1987-2002 2 10.256 83.50 | 82.75 | 81.82 - 0.9 - 1.1
16 380 | 4% Genf 1988-1999 7.464 84.00 | 83.46 82.97 - 0.6 - 0.6
16 382 | 4 3/8% Genf 1989-2001 9.047| 83.00 | 84.43 | 83.69 + 1.7 - 0.9
17 566 | 4% Zirich 1988-1998 6.247 86.50 | 84.82 84.52 - 1.9 - 0.4
15720 | 4% Eidg. 1988-1998 6.053 88.25 | 85.08 84.81 - 3.6 - 0.3

1 Trading day 23 December 1991. VASICEK' s theoretical term structure of interest rates has been estimated from
the yields of the reference bonds of footnote 2. The underlying interest-rate process is the ORNSTEIN-UHLEN-
BECK processdr = o (y—r) dt + p dz, where r is the instantaneous interest rate and dz the GAUSS-WIENER pro-
cess. The estimated parameters of the term structure are: o/ = 0.4418, y = 0.03485 [discrete-time equivalent
3.546% p. a], p = 0.1326 and q = 0.2117. The instantaneous interest rate has been approximated by the tomor-
row-next rate; it was r, = 0.075228 [discrete-time equivalent 7.813% p. a] on the trading day in question. The
bonds in the upper panel have been issued by cantons, the last bond has been issued by the Swiss confederation.

2 Reference bonds. They have been used together with the current value of the instantaneous interest rate and the
twelve-month Eurofranc interest rate to fit the theoretical term structure. Since the yields to maturity of the two
reference bonds rather than the yields of the underlying discount bonds have been used as a first approximation,
quoted and analytical prices do not match exactly for these two reference bonds.

3 Quoted price of the exchange-traded straight bonds.

4 Analytical price according to VASICEK's bond price model minus the accrued interest since the last coupon
date.

S Price obtained from the numerical solution of the partial differential equation minus the accrued interest since
the last coupon date. The LAWSON-MORRIS method with fh = 1 has been employed to solve numerically the
partia differential equation.

6 Percentage deviation of the analytical from the quoted price: (col. 5/ col. 4 —1) * 100.
7 Percentage deviation of the numerical from the analytical price: (col. 6/ col. 5— 1) * 100.
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Table A.2: Price of Underlying Straight Bonds and Numerical Error of Finite
Difference Methods. 1

Number | Name of Security Years Price of Underlying Straight Bond

of to Analy- Finite Difference Method with Boundary Scheme #... 4
Security Maturity 2| tical 3 #1 #2 #3 44
Col.1 Col.2 Col. 3 Col. 4 Col.5 Col.6 Col. 7 Col.8
16310 | 4 1/2% Bern 1986-1998 6.547 86.97 87.08 87.34 86.62 86.69
16 242 | 4 1/4% Bern 1987-1999 7.519 84.81 85.17 85.38 84.28 84.40
16 506 | 5 1/4% Graub. 89-1999 7.728 90.39 90.81 91.02 89.81 89.94
17 459 | 4 1/4% Waadt 1986-1998| 6.269 86.01 86.05 86.31 85.70 85.76
17 360 | 4 1/4% Wallis 1986-1998 | 65.478 85.78 85.88 86.13 85.45 85.51
17 364 | 7% Wallis 1990-2000 8.811| 101.29 102.07 102.22 100.46 100.67
17610 | 6 1/2% Ziirich 1991-2001 9.322 98.34 99.30 99.39 97.41 97.65
15461 | 4 3/4% Eidg. 1986-2001 9.036 86.87 87.72 87.82 86.04 86.25
15710 | 4 1/4% Eidg. 1986-2001 9.292 83.41 84.33 84.40 82.54 82.76
15712 4 1/4% Eidg. 1986-2011 | 19.942 77.96 82.09 81.08 75.44 76.19
15718 | 4 1/4% Eidg. 1987-2012 | 20.172 77.86 82.04 81.01 75.31 76.08
15722 | 4% Eidg. 1988-1999 7.117 83.84 84.10 84.33 83.39 83.49
15726 | 4 1/4% Eidg. 1989-2001 9.050 83.61 84 .46 84 .55 82.79 83.00
15736 | 5 1/2% Eidg. 1989-1998 6.819 91.98 92.14 92.40 91.57 91.65
15738 | 5 1/2% Eidg. 1990-1999 7.042 91.96 92.19 92.43 91.51 91.61
15 740 | 6 1/4% Eidg. 1990-2000 8.208 96.31 96.88 97.07 95.62 95.78
15 745 | 6 1/2% Eidg. 1990-2000 8.378 97.88 98.51 98.69 97.15 97.33
15227 | 6 1/2% Eidg. 1990-1999 7.564 97.49 97.86 98.10 96.93 97.06
15 747 | 6 3/4% Eidg. 1991-2001 9.081 99.89 100.76 100.88 99.01 99.23
15 749 | 6 1/4% Eidg. 1991-2001 9.228 96.66 97.58 97.68 95.75 95.98
15751 6 1/4% Eidg. 1991-2003 | 11.400 97.41 99.12 99.00 96.05 96.42
15753 | 6 1/4% Eidg. 1991-2002 | 10.561 97.11 98.51 98.48 95.92 96.24

1 Trading day 23 December 1991. VASICEK' s theoretical term structure of interest rates has been estimated from
observed yields (see footnote 2 of Table A.1). The underlying interest-rate process is the ORNSTEIN-UHLENBECK
process dr = o (y—r) dt + p dz, where r is the instantaneous interest rate and dz the GAUSS-WIENER process.
The estimated parameters of the term structure are: o = 0.4418, y= 0.03485 [discrete-time equivalent 3.546% p.
a], p =0.1326 and q = 0.2117. The instantaneous interest rate has been approximated by the tomorrow-next rate;
it wasr, = 0.075228 [discrete-time equivalent 7.813% p. a.] on the trading day in question. The bonds in the up-
per panel have been issued by cantons, those in the lower panel by the Swiss confederation.

2 Maximum time period until maturity of the callable bonds described in Table A.3.

3 Analytical price according to VASICEK's bond price model minus the accrued interest since the last coupon
date.

4 Price obtained from the numerical solution of the partial differential equation by means of the LAWSON-MOR-
RIS method minus the accrued interest since the last coupon date. The parameters of the finite difference method
are: n; =50, n, = 50, y = 200, s= 10, th=1, and r,, = 0.15.
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Table A.2: Continued. Price of Underlying Straight Bonds and Numerical Error
of Finite Difference Methods.

Number | Name of Security Years Percentage Error of Finite Difference Method
of to Boundary Scheme

Security Maturity 2|  #1 S # 6 #3 7 #4 8
Col. 1 Col. 2 Col. 3 Col.9 Col. 10 Col. 11 Col. 12
16310 | 4 1/2% Bern 1986-1998 6.547| + 0.1 + 0.4 - 0.4 - 0.3
16 242 | 4 1/4% Bern 1987-1999 7.519| + 0.4 + 0.7 - 0.6 - 0.5
16 506 | 5 1/4% Graub. 89-1999 7.728| + 0.5 + 0.7 - 0.6 - 0.5
17 459 | 4 1/4% Waadt 1986-1998| 6.269| + 0.0 + 0.4 - 0.4 - 0.3
17 360 | 4 1/4% Wallis 1986-1998 | 6.478| + 0.1 + 0.4 - 0.4 - 0.3
17 364 | 7% Wallis 1990-2000 8.811| + 0.8 + 0.9 - 0.8 - 0.6
17610 | 6 1/2% Ziirich 1991-2001 9.322| + 1.0 + 1.1 - 0.9 - 0.7
15461 | 4 3/4% Eidg. 1986-2001 9.036 + 1.0 + 1.1 - 1.0 - 0.7
15710 | 4 1/4% Eidg. 1986-2001 9.292| + 1.1 + 1.2 - 1.0 - 0.8
15712 | 4 1/4% Eidg. 1986-2011 | 19.942 + 5.3 + 4.0 - 3.2 - 2.3
15718 | 4 1/4% Eidg. 1987-2012 | 20.172| + 5.4 + 4.1 - 3.3 - 2.3
15722 | 4% Eidg. 1988-1999 7.117| + 0.3 + 0.6 - 0.5 - 0.4
15726 | 4 1/4% Eidg. 1989-2001 9.050| + 1.0 + 1.1 - 1.0 - 0.7
15736 | 5 1/2% Eidg. 1989-1998 6.819| + 0.2 + 0.5 - 0.4 - 0.4
15738 | 5 1/2% Eidg. 1990-1999 7.042 + 0.2 + 0.5 - 0.5 - 0.4
15 740 | 6 1/4% Eidg. 1990-2000 8.208 + 0.6 + 0.8 - 0.7 - 0.5
15 745 | 6 1/2% Eidg. 1990-2000 8.378| + 0.6 + 0.8 - 0.7 - 0.6
15227 | 6 1/2% Eidg. 1990-1999 7.564| + 0.4 + 0.6 - 0.6 - 0.4
15 747 | 6 3/4% Eidg. 1991-2001 9.081| + 0.9 + 1.0 - 0.9 - 0.7
15 749 | 6 1/4% Eidg. 1991-2001 9.228 + 1.0 + 1.1 - 0.9 - 0.7
15751 6 1/4% Eidg. 1991-2003 | 11.400 + 1.8 + 1.6 - 1.4 - 1.0
15753 | 6 1/4% Eidg. 1991-2002 | 10.561 + 1.4 + 1.4 - 1.2 - 0.9
Root Mean Square Error 1.8 1.5 1.2 0.9

5 Percentage deviation: (col. 5/ col. 4 — 1) * 100.
6 Percentage deviation: (col. 6/ col. 4 — 1) * 100.
7 Percentage deviation: (col. 7/ col. 4 — 1) * 100.
8 Percentage deviation: (col. 8/ col. 4 — 1) * 100.
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Table A.3: Price of Callable Bonds Belonging to “Bond Baskets” of the Swiss NAT-
IONAL BANK and Numerical Error of Finite Difference Methods. 1

Number | Name of Security Years Number Call Price of Callable Bond

of to of Call | Condi- Analy- Finite Difference Method
Security Maturity 2 | Dates3 | tion4 tical © #1 #2
Col.1 Col.2 Col. 3 Col. 4 Col.5 Col. 6 Col. 7 Col. 8
16 310 4 1/2% Bern 1986-1998 6.547 2 (1) A 84 .57 81.41 82.60
16 242 | 4 1/4% Bern 1987-1999 7.519 2(1) A 82.55 79.54 80.75
16 506 | 5 1/4% Graub. 89-1999 7.728 2 (2) A 85.67 85.23 86.34
17 459 | 4 1/4% Waadt 1986-1998 6.269 2(1) A 83.66 80.38 81.58
17 360 4 1/4% Wallis 1986-1998 6.478 2 (1) A 83.45 80.20 81.41
17 364 | 7% Wallis 1990-2000 8.811 2 (2) A 95.68 91.39 93.04
17610 6 1/2% Zirich 1991-2001 9.322 2 (2) A 93.17 93.90 90.59
15461 | 4 3/4% Eidg. 1986-2001 9.036 5 (1) B 84.63 82.30 83.38
15710 4 1/4% Eidg. 1986-2001 9.292 5(1) B 81.32 78.94 80.04
15712 4 1/4% Eidg. 1986-2011 19.942 10 (1) C 76.76 78.63 78.40
15718 4 1/4% Eidg. 1987-2012 20.172 10 (1) C 76.67 78.62 78.37
15722 | 4% Eidg. 1988-1999 7.117 3 (1) D 81.63 78.43 79.67
15 726 4 1/4% Eidg. 1989-2001 9.050 4 (1) E 81.50 79.02 80.14
15736 | 5 1/2% Eidg. 1989-1998 6.819 2 (2) A 86.96 86.49 87.59
15738 | 5 1/2% Eidg. 1990-1999 7.042 2 (2) A 86.98 86.54 87.64
15 740 | 6 1/4% Eidg. 1990-2000 8.208 2 (2) A 91.05 91.33 92.34
15 745 | 6 1/2% Eidg. 1990-2000 8.378 2 (2) A 92 .49 92.97 89.60
15227 | 6 1/2% Eidg. 1990-1999 7.564 2 (2) A 91.93 92.23 88.82
15 747 | 6 3/4% Eidg. 1991-2001 9.081 2 (2) A 94 .50 91.95 91.83
15 749 | 6 1/4% Eidg. 1991-2001 9.228 2 (2) A 91.62 92.18 93.12
15751 6 1/4% Eidg. 1991-2003 11.400 4 (2) E 92.87 94 .12 91.89
15753 | 6 1/4% Eidg. 1991-2002 10.561 2 (2) A 92.39 93.36 94.17

1 Trading day 23 December 1991. VASICEK' s theoretical term structure of interest rates has been estimated from
observed yields (see footnote 2 of Table A.1). The underlying interest-rate process is the ORNSTEIN-UHLENBECK
process dr = o (y—r) dt + p dz, where r is the instantaneous interest rate and dz the GAUSS-WIENER process.
The estimated parameters of the term structure are: o = 0.4418, y= 0.03485 [discrete-time equivalent 3.546% p.
a], p =0.1326 and q = 0.2117. The instantaneous interest rate has been approximated by the tomorrow-next rate;
it wasr, = 0.075228 [discrete-time equivalent 7.813% p. a.] on the trading day in question. The bonds in the up-
per panel have been issued by cantons, those in the lower panel by the Swiss confederation.

2 Maximum time period until maturity.

3 The numbers in brackets denote the numbers of positive “break-even” interest rates. These numbers have been
employed to compute the analytical prices for this Table because the finite difference methods are applied to the
partial differential equation with non-negative interest rates only.

4 call condition type A: the call price is equal to 100 on both call dates. Call condition type B: the first call
price (when moving forwards in time) is equal to 101.5; annual reduction of 0.5 percentage points until 100.
Call condition type C: the first call price (when moving forwards in time) is equal to 102.5; annual reduction of
0.5 percentage points until 100. Call condition type D: the first call price (when moving forwards in time) is
equal to 100.5; annual reduction of 0.5 percentage points until 100. Call condition type E: the first call price
(when moving forwards in time) is equal to 101; annual reduction of 0.5 percentage points until 100. Thereisa
notice period of two months for all call conditions.
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Table A.3: Continued. Price of Callable Bonds Belonging to “Bond Baskets” of

the Swiss NATIONAL BANK and Numerical Error.

29

Number | Name of Security Price of Callable Bond Percentage Error of Finite Difference Method

of with Bound. Scheme #... 6 Boundary Scheme

Security #3 #4 w7 # 8 #3 9 #4 10
Col.1 Col. 2 Col.9 Col. 10 Col. 11 Col. 12 Col. 13 Col. 14
16310 | 4 1/2% Bern 1986-1998 92.84 91.12 - 3.7 - 2.3 + 9.8 + 7.7
16 242 | 4 1/4% Bern 1987-1999 91.27 89.43 - 3.6 - 2.2 + 10.6 + 8.3
16 506 | 5 1/4% Graub. 89-1999 95.16 93.48 - 0.5 + 0.8 + 11.1 + 9.1
17 459 | 4 1/4% Waadt 1986-1998 92.19 90.46 - 3.9 - 2.5 + 10.2 + 8.1
17 360 | 4 1/4% Wallis 1986-1998 92.06 90.30 - 3.9 - 2.4 + 10.3 + 8.2
17 364 | 7% Wallis 1990-2000 103.10 101.74 - 4.5 - 2.8 + 7.8 + 6.3
17610 | 6 1/2% Ziirich 1991-2001 100.85 99.46 + 0.8 - 2.8 + 8.2 + 6.7
15461 | 4 3/4% Eidg. 1986-2001 96.79 94.35 - 2.8 - 1.5 + 14.4 + 11.5
15710 | 4 1/4% Eidg. 1986-2001 95.33 92.71 - 2.9 - 1.6 + 17.2 | + 14.0
15712 4 1/4% Eidg. 1986-2011 91.08 88.62 + 2.4 + 2.1 + 18.7 + 15.4
15718 | 4 1/4% Eidg. 1987-2012 90.77 88.36 + 2.5 + 2.2 + 18.4 | + 15.2
15722 | 4% Eidg. 1988-1999 92.91 90.72 - 3.9 - 2.4 + 13.8 + 11.1
15726 | 4 1/4% Eidg. 1989-2001 94 .32 91.74 - 3.0 - 1.7 + 15.7 | + 12.6
15736 | 5 1/2% Eidg. 1989-1998 96.21 94.61 - 0.5 + 0.7 + 10.6 + 8.8
15738 | 5 1/2% Eidg. 1990-1999 96.25 94.63 - 0.5 + 0.8 + 10.7 + 8.8
15 740 | 6 1/4% Eidg. 1990-2000 99.39 97.88 + 0.3 + 1.4 + 9.2 + 7.5
15 745 | 6 1/2% Eidg. 1990-2000 100.54 99.08 + 0.5 - 3.1 + 8.7 + 7.1
15227 | 6 1/2% Eidg. 1990-1999 100.16 98.69 + 0.3 - 3.4 + 8.9 + 7.3
15 747 | 6 3/4% Eidg. 1991-2001 102.05 100.68 - 2.7 - 2.8 + 8.0 + 6.5
15 749 | 6 1/4% Eidg. 1991-2001 99.58 98.14 + 0.6 + 1.6 + 8.7 + 7.1
15751 6 1/4% Eidg. 1991-2003 102.09 99.99 + 1.3 - 1.1 + 9.9 + 7.7
15753 | 6 1/4% Eidg. 1991-2002 99.67 98.37 + 1.1 + 1.9 + 7.9 + 6.5
Root Mean Square Error 2.6 2.1 11.8 9.6

5 Price obtained from the analytical solution by means of numerical quadrature involving GREEN’s function
(BUTTLER AND WALDVOGEL [1993a & b]) minus the accrued interest since the last coupon date. See footnote 3.
All the digits displayed are significant (the accuracy is almost equal to the machine precision).

6 Price obtained from the numerical solution of the partial differential equation by means of the LAWSON-MOR-
RIS method minus the accrued interest since the last coupon date. The parameters of the finite difference method
are: n; = 50, n, = 50, y = 200, s= 10, th=1, and r,, = 0.15.
7 Percentage deviation: (col. 7/ col. 6 — 1) * 100.

8 Percentage deviation: (col. 8/ col. 6 — 1) * 100.

9 Percentage deviation: (col. 9/ col. 6 — 1) * 100.

10 percentage deviation: (col. 10/ col. 6 — 1) * 100.
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Table A.4: Price of Callable Bonds Belonging to “Bond Baskets” of the Swiss NAT-

IONAL BANK. 1

Number | Name of Security Quoted or Computed Price of

of Underlying Callable Bond 3 Embedded Call Option
Security Straight Bond 2| Quoted4 | Analytical® | Implied® | Analytical 7
Col.1 Col.2 Col. 3 Col. 4 Col.5 Col. 6 Col. 7
16310 | 4 1/2% Bern 1986-1998 86.97 89.75 82.57 - 2.78 4.40
16 242 | 4 1/4% Bern 1987-1999 84 .81 85.00 80.66 - 0.19 4.15
16 506 | 5 1/4% Graublinden 89-1999 90.39 91.00 85.67 - 0.61 4.72
17 459 | 4 1/4% Waadt 1986-1998 86.01 87.00 81.73 - 0.99 4.28
17 360 | 4 1/4% Wallis 1986-1998 85.79 86.00 81.52 - 0.21 4.27
17 364 | 7% Wallis 1990-2000 101.29 101.50 95.68 - 0.21 5.61
17 610 6 1/2% Zirich 1991-2001 98.34 99.25 93.17 - 0.91 5.17
15461 | 4 3/4% Eidg. 1986-2001 86.87 88.60 78.27 - 1.73 8.60
15710 | 4 1/4% Eidg. 1986-2001 83.41 85.00 75.59 - 1.59 7.82
15712 4 1/4% Eidg. 1986-2011 77.96 75.00 71.71 2.96 6.25
15718 4 1/4% Eidg. 1987-2012 77.86 74.50 71.69 3.36 6.17
15722 | 4% Eidg. 1988-1999 83.84 87.10 78.13 - 3.26 5.71
15726 | 4 1/4% Eidg. 1989-2001 83.61 85.25 76.73 - 1.64 6.88
15736 | 5 1/2% Eidg. 1989-1998 91.98 94.75 86.97 - 2.77 5.01
15738 | 5 1/2% Eidg. 1990-1999 91.96 95.10 86.98 - 3.14 4.98
15 740 | 6 1/4% Eidg. 1990-2000 96.31 99.25 91.05 - 2.94 5.26
15 745 | 6 1/2% Eidg. 1990-2000 97.88 100.25 92.49 - 2.37 5.39
15227 | 6 1/2% Eidg. 1990-1999 97.49 100.25 91.93 - 2.76 5.56
15 747 | 6 3/4% Eidg. 1991-2001 99.89 102.25 94 .50 - 2.36 5.39
15 749 | 6 1/4% Eidg. 1991-2001 96.66 99.35 91.62 - 2.69 5.04
15751 | 6 1/4% Eidg. 1991-2003 97.41 99.00 89.07 - 1.59 8.34
15 753 6 1/4% Eidg. 1991-2002 97.11 99.25 92.39 - 2.14 4.72

1 Trading day 23 December 1991. VASICEK' s theoretical term structure of interest rates has been estimated from
observed yields (see footnote 2 of Table A.1). The underlying interest-rate process is the ORNSTEIN-UHLENBECK
process dr = o (y—r) dt + p dz, where r is the instantaneous interest rate and dz the GAUSS-WIENER process.
The estimated parameters of the term structure are: o = 0.4418, y= 0.03485 [discrete-time equivalent 3.546% p.
a], p =0.1326 and q = 0.2117. The instantaneous interest rate has been approximated by the tomorrow-next rate;
it wasr, = 0.075228 [discrete-time equivalent 7.813% p. a.] on the trading day in question. The bonds in the up-
per panel have been issued by cantons, those in the lower panel by the Swiss confederation.

2 Analytical price according to VASICEK's bond price model minus the accrued interest since the last coupon
date.

3 The time periods until maturity, the number of call dates and the call conditions are shown in Table A.3.

4 Quoted price on December 23, 1991.

S Price obtained from the analytical solution by means of numerical quadrature involving GREEN’s function
(BUTTLER AND WALDVOGEL [1993a & b]) minus the accrued interest since the last coupon date. The analytical
price has been computed for all the possible call dates given in Table A.3. All the digits displayed are significant.
6 Observed price of the embedded call option in the sense that the analytical price of the straight bond would be
equal to its quoted price if the underlying straight bond were traded: col. 3 —col. 4.

7 Analytical price of the embedded call option: col. 3 —col. 5.
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Figures A.la & b: Percentage Error on the Notice Day. *
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Figures A.2a & b: Percentage Error One Time Step after the Notice Day. *
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Figures A.3a & b: Percentage Error after Two Years. *

+ The Parameters of the LAWSON-MORRIS method are ny = 50, rm = 0.15, nz = 50, y = 200, At = 1/74th of a
year,s=10and th = 1.

Economic Journal, Vol. 105, No. 429, March 1995, 374 — 384.



32

Percentage Error

Figures A.4a & b: Percentage Error after
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Figures A.5a & b: Percentage Error of the Underlying Straight Bond. *

+ The Parameters of the LAWSON-MORRIS method are ny = 50, rm = 0.15, nz = 50, y = 200, At = 1/74th of a
year,s=10and th = 1.
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